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ABSTRACT :We present here a new calculation method for 3D slope stability which avoid the principal 

difficulties encountered by other authors. The new method is based on the following steps : (a) how to obtain 

a simple an easily exploitable ground model and (b) how to check the convergence of the equilibrium 

calculation method. In this article we describe a rapid ground modelling method linked to a failure surface 

model coupled with a three dimensional version of the method of perturbations used in France over the last 

twenty years. 

 

 

1. INTRODUCTION 

Recently we have seen some interesting approaches 

to calculating the stability in three dimensions of a 

slope (Morgenstern, 1992). The principal difficulties 

encountered by those authors were (a) obtaining a 

simple and easily exploitable ground model and (b) 

the convergence of the equilibrium calculation 

method. In this article we propose a rapid ground 

modelling method linked to a failure surface model 

coupled with a three dimensional version of the 

method of perturbations. This latter approach to 

slope stability analysis has been used in France over 

the last twenty years and its numerical behaviour is 

quite satisfactory.  

 

2. RAPID GROUND MODELLING 

Up to now, ground modelling has been done using 

the geographers approach which is based on 

reconstituting the surface according to the usual 

cartographic principles. This method leads to a large, 

difficult to handle database of uncharacterised 

points. Looking for features of physical significance 

such as crests or troughs in such a set of points 

requires the use of sophisticated techniques. These 

type of features are those which interest the engineer 

for the purposes of a given study. He looks for 

information such as the dip or strike rather than the 

contours. Despite the fact that numerous ground 

modellers are commercially available these remain 

expensive and difficult to manipulate. Since the 

engineer faced with the problem of managing a 

landslide needs to react quickly, a line of action 

based on the use of de facto ground modelling 

techniques is not practical as he is not likely to 

have at his immediate disposition such a numerical 

model of the site in question. However, what he 

does have at hand is a set of maps of the zone 

concerned. 

What is therefore required is a modelling approach 

more suited to his problem. The aspirations of such 

an approach are stated as follows: 

• Quickly and economically put into action. 

• Based on existing maps. 

• Map interpretation by the user and liberty 

to chose characteristic points. 

• Ease of modification of the model through 

addition or deletion of information. 

These aspirations are achieved through the 

following computerised methodology: 

1. Optical scanning of the section of the map 

showing the zone concerned. 

2. Scaling of the resulting scanned map using 

three reference points. 



3. Choice of points using the mouse whereby 

the scanned map is used as a background to 

read the altitudes. 

4. Definition of the boundary of the zone using 

the mouse. 

5. Choice of linear features made up of a list of 

points. 

6. Use of a constrained mesh generation 

algorithm (Robinson, 1996) to mesh the 

points and lines entered. 

This procedure is completely interactive allowing at 

each instant the addition or deletion of points and 

lines as well as the redefinition of the extent of the 

zone with a zoom facility for added precision. The 

model generated is a set of triangular facets having a 

surface type parameter which is useful for many 

types of calculations such as rockfall trajectory 

simulation (Faure et al., 1995). Once the model has 

been generated three dimensional visualisation 

routines allow the model to be viewed from any 

angle, thus aiding the engineer to better understand 

the layout of the zone in question. 

This rapid ground modelling technique lends itself 

easily to the modelling of other surfaces such as soil 

beds or the phreatic surface. 

 

3. MODELLING OF THE FAILURE SURFACE 

3.1 Principles 

As for road design, we have chosen to represent the 

failure surface using a longitudinal profile and a 

cross-section. The longitudinal profile in plan 

corresponds to the dip line usually used in two 

dimensional slope stability analysis. The cross-

sections are generated from a single cross-section 

defined by a small number of parameters. The lowest 

point on each cross-section being situated on the dip 

line results in the definition of a failure surface. An 

algorithm which allows the determination of the 

spatial relation between the failure surface and the 

natural ground surface facilitates the calculation of 

all the parameters necessary for three dimensional 

slope stability analysis. 

 

3.2 Parameters provided by the geometrical model 

The interactive program witch follows this 

description  provides the user with the following 

informations: 

• The failure surface of the landslide defined by 

the longitudinal profile and cross-section allows 

calculation of intersection with the ground 

model. So the landslide zone can be displayed 

on the original scanned map showing the 

affected areas. 

• The volume of the landslide is calculated. 

Conversely, by shifting the failure surface in the 

vertical direction the depth of the landslide can 

be determined for a given volume. 

• A set of values corresponding to each vertical 

prism resulting from the triangulation in plan of 

the combination of the natural surface and the 

failure surface. Each prism is defined by: 

1. A number and the numbers of its neighbours.  

2. The co-ordinates x,y,z of its centre of 

gravity. 

3. The co-ordinates of the unit vector normal to 

its base. 

4. The area of the inclined base and the area of 

the base in plan. 

5. The type of soil at the base of the prism. 

 

3.3 An interesting extension 

If the surface resulting after the landslide volume 

has been removed from the original ground model 

is considered as a new starting base, we can place 

on that surface a volume of earth defined by its 

crest and its cross-section. If a straight line crest, 

defined by a friction angle dyn with the horizontal 

(dyn being identical to the angle of dynamic 

friction), is considered along with a cross-section 

defined exactly as for the rupture surface in section 

3-1, we obtain the height of the crest for a given 

volume of soil. Taking the volume to be equal to 

the landslide volume augmented by a coefficient 

od disorganisation, this approach permits the 

geometrical modelling of a rockslide providing the 

zone that the slide covers and the height of the 

resulting dam where the valley is a river basin. 

 

4 THE METHOD OF PERTURBATIONS IN 

THREE DIMENSIONS 

4.1 A reminder of the method of perturbations 

The method of perturbations is a global method 

proposed by Raulin et al. (1972) and developed by 

Faure (1985). 



Consider a mass of soil defined by a failure curve. It 

is in equilibrium under its own weight and the 

reaction of the soil underneath. We define a normal 

stress distribution n as well as the pore pressure u at 

all points along the failure curve. From Coulomb’s 

Law and Terzaghi we express the maximum shear 

stress max with max=c’ +’ tan ’. The coefficient of 

security has the classic definition: Fs = max /. 

To resolve the system we define the three equations 

of equilibrium, taking the weight of the soil above 

the point on the failure surface to be the weight dW 

of a trapezium of soil of width dX about the point 

considered. 
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n remains unknown. In addition to Fs, two other 

unknowns are missing in order that the system be 

solvable. The stress n normal to the failure curve is 

taken to be close to a stress o and as a function of  

and . We chose n = o ( +  tan v) where o is 

the initial stress, v is a geometrical parameter and ( 

+  tan v)  is a perturbation. Taking into account the 

pore pressure we can write: 

( ) 


   
=

+ + − c u

F

' tan0 v

s
.  

 

Solution method 

In the three equations of equilibrium we eliminate 

 and  resulting in a third order equation in Fs (Fs 

being a denominator). Fs is calculated using 

Cardan’s method as it is the biggest of the roots.  

and  are subsequently calculated.  is generaly 

close to 1 and  close to 0. 

 

Choice of  o and v 

Fellenius’ stress  o = h cos2 and v = tan  were 

initially used. 

It is preferable to express  o in terms of a Mohr’s 

Circle diagram by representing the stress along the 

failure curve by the tangent point between the 

intrinsic curve and the circle. This results in the 

stress on the horizontal no longer being a principal 

stress (rotation of the axes) the vertical component 

of this facet remaining equal to  h. Thus we are 

assured that the stress used is represented by a 

point on the intrinsic curve. This results in the 

following layout: 
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Fig.2: A Mohr’s Circle representation of the 

problem. 

 

The point T represents the stress along the failure 

curve. The point M represents the stress on the 

horizontal plane. The point P is the pole of the 

Mohr’s Circle. 

0
 is now expressed by setting   


= −  −2

2
, 

 being the dip angle of the facet,and ’v = h 
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For v ,we choose v = tan


2
 so that this expression 

cannot go to infinity. 

The variable n calculated with the help of the 

Mohr’s Circle and with that v leads to a more 

realistic and likely normal stress envelope along the 

failure curve than would be calculated using the 

finite element method. As a result, this method might 

have some interesting applications when trying to 

take into account nails or anchors or for the 

development of a displacement method. 

Comparisons were done with other methods (Bishop, 

when circular, Morgonstern and Price, Jambu in 

other cases). The results agree. 
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Fig.3: Angles 1 and 2 defined by the ground 

model. 

 

4.2 The perturbation method in three dimensions 

Every prism results in a stress 0
 that is calculated 

as before with the aid of a Mohr’s Circle. The angle 

 used corresponds to the dip of the triangular facet 

concerned. For the 3D method, we have therefore 

chosen: 

n = o ( +  tan (1 / 2) +  tan (2 /2))  

with  1 the angle of the intersection of the facet with 

a vertical plan in the direction of the slide and a 

horizontal line in the same plan, and 2 the angle 

of the intersection of the facet with a vertical plan 

in the transversal direction and a horizontal line in 

the same plan. 

The maximum shear stress is calculated using 

Coulomb’s Law, max= c’ +’ tan ’and with  = 

max / Fs.  

The direction 3 of the projection on the horizontal 

plane of the shear vector is between the direction 

1 of the projection of the dip of the facet and the 

direction 2 of the axis along which the landslide is 

occurring by 3 = 2 - k* (2 - 1). k is a coefficient 

between 0 and 1 and we choose for it the 

expression k = sinn(2), n is chosen by the user. 
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            Fig 4 : The angles of the method 

 

This results in four unknowns; F,,  and  

The equations used to solve for the four unknowns 

are (see Annex 1): 

• The equilibrium of forces in x,y,z; 

• The moment equilibrium along the slope oy. 

(N.B. The moments about ox and oz are 

neglected.) 

In order to resolve the system we introduce another 

variable E to eliminate F, the unknown that 

appears as a denominator. E appears as an inclined 

force, along a given angle  , that could represent 

either a seismic solicitation or an anchor. And we 

solve by iteration giving successively to Fs a set of 

values between Fs1 and Fs2. For Fs = 1, we have a 



critical value of E, and for E = 0, the corresponding 

value of Fs is the safety factor of the slide. 

 

5. EXAMPLE 

We compute the stability of the slide of La Salle en 

Beaumont that occured in January 94. The volume 

involved was near 1300000 m3. The slide destroyed 

six houses and killed four people. On the figure n°5, 

we have a global view of the ground modeling and in 

the center the scare of the slide. In a 2D study by 

back analysis the safety factor was given for one 

with c’=20 kPa, =21° and the water table near the 

ground surface. Without water the safety factor is 

about 1.6. 

 

Fig 5 a: Ground modeling of La Salle slide 

Front view 

 
 

Fig 5 b: Ground modeling of La Salle slide 

Vertical view, with in bold line the axe 

 and the limits of the slide 

 

We have obtain results in good range and we have 

to complete them and check the influence of all the 

parameters, one of the most important being k. A 

very interesting research will be the use of this 

code for 3D calculation of foundations on the top 

of embankment or within a slide. 

6. CONCLUSION 

With the modelling and analysis suite presented 

here (Rapid Ground Modeller (Robinson, 1996) 

and Nixes3D) the engineer possesses a stability 

evaluation tool which allows easily the inclusion of 

a third spatial dimension. The ground modeller  

allows the possibility of simulating geometrically 

the final position at the base of the slope of the 

mass in question. This system completes the Nixes 

& Trolls system (Pham, 1996) for slope stability 

analysis and will be promoted through the Wide 

Area Slope Stability Server (WASSS (Faure et al., 

1995, 1996)) on the World Wide Web. 

 

ANNEX 1 

The equations of equilibrium for the method of 

perturbations. 

 

Along (ox): 

A1* + A2* + A3*  + A4*E=A5. 

 

A1 = 0 (nx+TanF*u’x)dS.  

A2 = 0 v(nx+TanF*u’x)dS. 

A3 = 0 w(nx+TanF*u’x)dS. 

A4 =1 

A5=(uTanF-cF)*u’x dS. 

 

Along (oy): 

B1* +B2* +B3*  + B4*E=B5. 

 

B1 = 0 (ny+TanF*u’y)dS.  

B2 = 0 v(ny+TanF*u’y)dS. 

B3 = 0 w(ny+TanF*u’y)dS. 

B4 =0 

B5=(uTanF-cF)*u’y dS. 

 



Along (oz ): 

C1* +C2* +C3*  + C4*E=C5. 

 

C1 = 0 (nz+TanF*u’z)dS.  

C2 = 0 v(nz+TanF*u’z)dS. 

C3 = 0 w(nz+TanF*u’z)dS. 

C4 =Tan() 

C5=Wt + (uTanF-cF)*u’z dS. 

 

Moments about (oy): 

 

D1* +D2* +D3*  + D4*E=D5. 

 

D1 = 0 (z0*(nx+TanF*u’x) -x0*(nz+TanF*u’z)) dS. 

D2 = 0  v(z0*(nx+TanF*u’x) -x0*(nz+TanF*u’z)) dS. 

D3 = 0 w(z0*(nx+TanF*u’x) -x0*(nz+TanF*u’z)) dS. 

D4 =(z0-x0Tan()). 

 

D5=(-x0*dW + (uTanF-cF)(z0*u’x - x0*u’z)dS). 

Where  

x0 and z0 are the abscissa and altitude of the centre of 

gravity of the facet, respectively.  

n is its outward normal and its components are nx, 

ny, nz. 

dS is the surface at the base of the triangular column. 

v and w are the parameters of the perturbation 

method, that are tan (1 / 2) and tan (2 / 2) 

respectively. 

u’ is the unit vector in the shear direction. 

cF is the ratio c’/Fs 

TanF is the ratio tan’/Fs. 
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